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Abstract
Keywords:

Organic pollutants, such as dyes, widely used in textile, dyeing, and chemical indt  Freyndlich Isotherm,
pose significant risks to human health and the environment if introduced into Langmuir Isotherm,
resources. In modeling the transport of dissolved pollutants, three processesia@nly  Bayesian Approach,
considered: advection, dispersion, and chemical mechanisms. Studies have shown. Markov Chain Monte
third mechanism is often overlooked in practical modeling. Additionally, qualite Carlo Method
models are calibrated based on limited data, making their parameterst stdj
uncertainty. In this study, the Freundlich and Langmuir isotherms were analyzed.
their parameters were estimated and calibrated using a simple optimization moc
analyze parameter uncertainty, a Bayesian approach employing the Markov&imén
Carlo method was adopted, utilizing the Metrop#iastings and Gibbs algorithms, al
the results were compared. The study was conducted based on experimental dat
adsorption of Malachite Green onto activated carbon. While laboratory data fak
precise control of conditions, they may not fully represent field data due to scal
environmental constraints. Therefore, extending this research to field data could e
the generalizability of the results and prove valuable in-higturay engineering design
and environmental management. The results indicated that the Langmuir is
performed better than the Freundlich isotherm at all temperatures, providing lower
values. For instance, at 323 K, the Langmuir model demonstrat&$ 1Bits more
accuracy than the Freundlich model. Confidence interval analysis revealed th
MetropolisHastings algorithm generally produced narrower and more symme ‘ |
intervals, yielding more precise estimates. For example, for th@afameter ofthe . (OPEN
Langmuir model at 323 K, the 95% confidence interval obtained using the Metro ) Wt
Hastings algorithm was [0.03,0.04], compared to [0.007,0.05] with the Gibbs algo
However, the Gibbs algorithm exhibited a higher convergence speed, makinglites
for scenarios where computational e f t Received July 13, 2024
runtime was 5.8 times that of the Gibbs algorithm. This study highlights the superio.  Revised:Sep.1, 2024
the Langmuir model and the Metropelisastings algorithm in adsorptiorath analysis Accepted Oct. 1, 2024
and uncertainty evaluation
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1. Introduction

Groundwater undergoes various processes thai

influence the transport and removal of dissolved
solutes.  Transport  mechanisms  include
advection, dispersion, diffusion, adsorption, and
biodegradation. In modeling organic
contaminants, determining adsorptiosotherms
and estimating their parameters is essential
(Fetter et al., 2007

One of the main challenges in this field is
uncertainty, which is categorized into aleatory
(intrinsic) and epistemi¢subjective) types Oer
Kiureghian and Ditlevsen, 2009 This study
examines two types of epistemic uncertainty:
model uncertainty (selection of the adsorption
isotherm) and parametric uncertainty (estimation
of isotherm parameters), with a primary foaurs
parametric uncertainty.

Deterministic  modeling assumes fixed
parameters, while  probabilistic  modeling
accounts for parameter uncertainty by

incorporating statistical distributions. Bayesian
inference using the Markov Chain Monte Cérlo
method is a suitde approach for parameter
estimation and uncertainty analysi§elman et
al., 2013. Algorithms such as Metropolis
Hastings (MH) and Gibbs sampling are

distribution resembles the prior, but as more data
ecome available, it converges towards the
ikelihood function(Bolstad and Curran, 2017

This study employs a bivariate normal
distribution as the  proposal function.
Additionally, the likelihood function, based on
normally distributed errors imoncentration data,
is presented.

3. Discussion and results

Initially, 50,000 iterations were considered;

however, to ensure better convergence and
sampling quality, the total number of iterations

was increased to 100,000, with the first 10,000
designatio as the "Burn Up" phase to remove

initial effects.

A tuning factor of 0.4 was applied in the
MetropolisHastings algorithm to reduce sample
dependence and improve convergence.
Convergence was evaluated using cumulative
mean and autocorrelation criteriagndirming the
efficiency and accuracy of the sampling process.

3.1. Metropolis-Hastings algorithm

The RMSE values for the Langmuir isotherm are
lower than those for the Freundlich isotherm,
indicating better accuracy. The mode of RMSE

commonly employed to assess the uncertainty ofin the probabilistiaonodel is often lower than the

groundwater flow model paranges. The
MCMC method enables the integration of prior
knowledge with observational data, making it
effective for contaminant transport modeling
(Ades and Lu, 2003

In this study, a set of data is used within the
MCMC framework to deermine the distribution
of adsorption parameters for groundwater

contaminants based on a deterministic model. accepting values, the execution speed decreases

This model utilizes adsorption data of malachite

deterministic model, suggesting the MCMC
method provides better parameter estimates. At
323 K, the error in the Freundlich model is 2.38
times higher than in the Langmuir model.

3.2. Gibbs algorithm
In Gibbs sampling, sinceall
accepted and there are no

samples are
restrictions on

by 82.8% compared to the Metropekimstings

green onto activated carbon, as presented byalgorithm. The average RMSE obtained from the

Kumar (2006).
2. Methodology

Gibbs algorithm is 96.6. The confidence intervals
obtainedfrom the MetropolisHastings algorithm
fall within the intervals of the Gibbs algorithm

Adsorption isotherms are equations that describeand are significantly narroweFg. 1).

the equilibrium state of adsorption. The
Freundlich isotherm is a nonlinear model with no
upper limit for adsorption, whereas the Langmuir

4. Conclusions
This study evaluated the calibration of parameters

isotherm assumes a limited number of adsorption for the Freundlich and Langmuir isotherms using

sites, restricig the maximum adsorption
capacity

R (1)

~ 1+ #A

Ny e 2

The posterior distribution is derived using Bayes'
theorem. When data ardimited, the posterior

! Markov Chain Monte Carlo (MCMC)
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both determiistic and probabilistic methods.
Based on RMSE values, the Langmuir model
outpeformed the Freundlich model at all
temperatures. At 313 K, the mean error difference was
9.37 units, and at 333 K, it increased to 14.63 units.

The Trace Plot of theMetropolisHastings and
Gibbs algorithms revealed significant differences in
sampling behavior and convergence. Gilgeserally
exhibited a smoother pattern and faster convergence,
while MetropolisHastings showed more fluctuations
due to its proposed difbution and sample rejection
mechanism.
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Fig. 1. Confidence interval of each parameter under investigation at each temperature

The MetropolisHastings algorithm produced Overdl, the Langmuir isotherm with the
narrower, more symmetric confidence intervals MetropolisHastings algorithm showed the best
compared to Gibbs, which occasionally resulted performance. The study suggests that future
in wider intervals anduggested lower accuracy. research should explore more complex models
Gibbs sampling converged to the target involving additional variables and heavier
distribution more quickly, Metropolislastings computations, such as groundwater flow medel
exhibited slower convergence due to the for pollutant source identification. Using real
additional proposal distribution calculation. experimental and field data could improve model
MetropolisHastings was 5.8 times slower than accuracy and applicability for industrial and
Gibbs. environmental process optimization
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Fig. 1. Experimental data and nonlinear Langmuir and Freundlich isotherms at 323 K
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Table 1.Estimated definite values of isotherm parametgusnéar, 2006

Temperature (K)
305 313 323 333
K. (L/mg) 0.0198 0.0289 0.0328 0.0375

Langmuir Q (mg/qg) 509 481 474 478
R2 0.955 0.983 0.988 0.98

Kg(L/mQ) 37.4 55 61.9 69.6
Freundlich 1/n 0.478 0.407 0.386 0.369
R2 0.902 0.929 0.934 0.917
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Table 4. Statistical characteristics of the posteddstribution of Langmuir isotherm parameters
T Mean Standard deviation Median Mode Skewness
K L Q K L Q K L Q K L Q K L Q
305 0.0170 545.760 0.0022 32.2564 0.0169 543.514 0.016 544.63  0.1802 0.409
313 0.0308 474.248 0.0043 22.0642 0.0305 473.401 0.03 473.82 0.7738 0.280
323 0.0351 462.730 0.0033 15.0325 0.0349 462.955 0.035 462.84  0.4046 -0.078
333 0.0384 473.933 0.0041 16.4715 0.0383 473.636 0.038 473.78  0.3002 0.093
2553 0553 bl ey 58 5L slaeanio -0 sz
Table 5. Statisticalcharacteristics of the posterior distribution of Freundlich isotherm parameters
Mean Star.1d§rd Median Mode Skewness
T deviation
Ke 1/n Ke 1/n Ke 1/n Ke 1/n Ke 1/n
305 33.77 0.50 3.30 0.02 33.73 0.50 33.75 0.5 0.08 0.16
313 51.30 0.42 4.67 0.02 51.31 0.42 51.3 0.42 0.03 0.19
323 57.04 0.40 4.89 0.02 57.04 0.40 57.04 0.4 0.00 0.19
333 64.62 0.38 5.62 0.02 64.60 0.38 64.61 0.38 0.12 0.07
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Table 6. Bayesian validity interval of isotherms with the Metropéfiastings algorithm

305 313 323 333
TerEETE ) Bayesianconfidenceinterval
Lower Upper Lower Upper Lower Upper Lower Upper
bound bound bound bound bound bound bound bound
. ] KL 0.0128 0.0215 0.0234 0.0403 0.0292 0.0423 0.0309 0.0469
angmuir
9 Q 488.695 615.37 432776 521.14  432.589  492.154 442.149 507.840
Ke 27.444  40.383 42.130 60.565 47.436 66.696 53.752 75.766
Freundlich

1/n 0.451 0.545 0.379 0.465 0.362 0.444 0.341 0.425

J‘f‘;‘::'“‘"’_u‘":liﬁﬂ r.':.t_ijJ\ G_L:J ool calize gbales s (-:J_.u)s},_.&y rJS)J‘.:\RMSE@j)E 6JLAT6L§W—V ‘JjJa
Table 7. Statistical characteristics of the RMSE distribution of Langmuir and Freundbtterms at different
temperatures based on the results of the Metroptalings algorithm

305 313 323 333
Mean Mode Mean Mode Mean Mode Mean Mode
Langmuir 20.40 15.54 11.37 8.90 9.81 7.70 12.62 10.40

Freundlich 29.778 23911 24.028 19.553 23.362 18.934 27.259 22.027
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Fig. 8. RMSE error frequency histogram for the parameters of the isotherms a) Langmuir and
b) Freundlich at a temperature of 323 K
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Table 8. Statistical characteristics of the posterior distribution of Langi@ilibs isotherm parameters
Mean Standard deviation Median Mode Skewness
! KL Q Ki Q Ki Q Ke Q KL Q
305 0.0132 580.067 0.0039 57.927 0.0132 580.205 0.013 580.13 0.0171 0.004
313 0.0388 560.430 0.0151 55.949 0.0387 560.485 0.038 560.45 0.1071  -0.009
323 0.0278 417.895 0.0108 41.759 0.0276 417.940  0.027 417.91 0.1027 0.014
333 0.0309 457.359 0.0092 45586 0.0308 457.503 0.03 457.43 0.0264 -0.012

S g ¢ 5532 K Sl o 558 U] slaeaiia -8 Jpix

Table 9. Statistical characteristics of the postewddstribution of the k parameter of the FreundligBibbs isotherm

Standard ]
- Mean et Median Mode Skewness
Kg 1/n Ke 1/n Ke 1/n Kg 1/n Ke 1/n
305 38.036 0.507 6.436 0.086 38.033 0.507 38.1 0.5 0.007 -0.014
313 55.945 0.432 9.511 0.073 55.956 0.432 56.07 0.42 0.008 0.006
323 62.941 0.410 10.732 0.070 62.931 0.410 62.36 0.41 0.005 0.005
333 70.797 0.392 12.038 0.066 70.798 0.392 70.07 0.4 0.007 -0.003
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Fig. 13. Histogram resulting from the Metropolidastings and Gibbs algorithms filve Langmuir aerotherm at 323 K
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Table 10.Bayesian confidence interval of isotherms with Gibbs algorithm

305 313 323 333
Temperature (K) Bayesianconfidenceinterval
Lower Upper Lower Upper Lower Upper Lower Upper
bound bound bound bound bound bound bound bound
Langmuir KL 0.0055  0.0210 0.0099 0.0689 0.0070 0.0493 0.0128 0.0491
Q 466.356 694.20 450.967 670.10 336.561 500.214 367.383 546.123
Ereundlich K 25443  50.697 37.366 74.556 42.016 84.023 47.308 94.423
1/n 0.337 0.676 0.289 0.576 0.274 0.546 0.261 0.521
il s 051s5 s gy s gie ol il s 3 00 b s Sen Jalows Y-

A8 i 5 (2l S 028 S 4 e ) ax 5l ke A ady
2245 A e 0L G dy ¢ 5 (Gelman et al., 2093:...]
olety slodsei 5o s aiz Siten — a5 20 (o, S
2 g b s SV S5l Gl ndy F el B 0 )

Water and Wastewater

255 o psie 93 02 S L1 5 ol S s 61
¢ R T,

~ ok e r”-)ﬁ-i” ¢l iy SR TS il

Voossam 05 b Jgeme s sba J8C0 5 iluad s Koz

1 Acceptance Rate

oML 5 of @

Vol. 35, No.4, 2024

VEF Jlo o ooleds X0 0550



dx.doi.org/10.22093/wwj.2(324834343443

Gdearde duns g pade b pd asile

N s U s 51 lie S5l 5 s ol 0 035 oo oo
LKL 2all sl ore S5l 810 UK 3 0358 o0 4l
wﬁfﬁ)}ﬁﬁgb—\adﬁ,}@_J—Mﬂ&)ﬂ\
‘@I.\Jﬁjrﬁy{-ﬁjk‘jbﬂd‘ﬁ.Cu»‘a.xiab‘buf%\.@i
Wb | Sen (U e 4 bl ales (e 0L
e Ol 5l dae i s ol s S sk sl
0S5l Oloe M3 Lo g0 5l el Ol & ez (0L
o Sl ol Jlade 5 o lgsl wsei O v v e s rens
s3ls s (22D u;.:\_:n)
e W25 2ty (65l 5 e (2l S samsplis S5 S
Sl e Sl ole Ot S0l Jlaie VY Jsax s
Lo s STV slos 55 mdus 3 5 oSN (slop 5530 (sloe o5
O SO ses anl b sleml s Las o5 ool &S s e oLt
oSl e lio (JLo 0l L el s J58 L6 (ol
Bt = ey 5 20 25 S 3 ren (ke ol Dk
FRELSL IV E PR L;i‘;r" S ams 0 Ol S

s Laassad ;S Sl 5l AL Sl o § 0o 0 b ars o £

J‘J_S.A .)}_.:Lfao 4._.uaL>ua 5(r‘ﬁo‘o .o

3l (6 S0 g0d (5Lad 5 0 Sarasl ES >

0.0355 - . T . a)

0.035 WMV — e
0.0345

0.034
0.0335
0.033
0.0325 |

0.032 |

Cumulative mean KL(323K)

0.0315 |

0.031 [

0.0305 > : 5 g
0 0.5 1 15 2 25
Itetration %104

e S ad Lol /T 5 /Y oy i O YT s
WL& 6:% @)33 CU ASC“‘ Ui‘ cMJuL&; 93 ‘5....\\..&

.s:,\....:‘b.,\.f; rl.".u‘@j’-u 6)“;345}.3339.)}:

! S o Lslra - Y-Y-Y
S b 6l s3Il e Sl e S
oSl IS8 oS ey ol GBSl slas i (2 S 5
il GalS ol bl g 5558 S35 Zull Jlade G 4 (grens
D) ol sty (o Sep 405 8 28 S 0l 5 o0
Bl Cews 355 5l a5 40s ) S Sl o sazasplis
oSl s ol s 5L cw 105 badgel 5

s9b 00 s w5 VY dslas &) g0ty rens
8B - 8 (\f)

OTJ)‘(S
u,;_i»\_:.os jLM_Zj.o.Z slasnd A_E.BJ_(::); Laosls Llade X;

MMJQQMQ.;JLSA«C.QBJb.@‘n @UM

! cumulative Mean

0.034 . . . . . ‘ . . b)

0.032
0.03 |

0.028 R\v\

0.026

LG323K)

0.024

0.022

Cumulative mean K

0.02

0.018 |

0.016 . . . . . . . .
0 1 2 3 4 5 6 7 8 9
Itetration %10¢
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Table 11 Average final changes in cumulative average

Algorithm KL Ke 1/n
Metropolis Hastings 8.87E06 0.08339 0.037993 0.000171
Gibbs 5.44E06 0.0086854 0.006046 2.6E05

Fig. 16.Autocorrelation of Langmuir isotherm parameter at 323°C witk effopolisHastings
and b) Gibbs algorithm
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