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Abstract  
Vortex drop shaft (Vortex structure) is used in sewage and drainage systems to transfer 
fluid from surface conduit to deep underground tunnels. During the plunge, large 
volume of air is entrained into the water and then released of the drop shaft downstream. 
In the current research, an experimental model, made of Plexiglas segments, was set up 
to investigate hydraulic performance of vortex structure. Dimensional analysis results 
illustrated that ratio of sump depth to shaft diameter (Hs/D), ratio of drop total height to 
shaft diameter (L/D), and Froude number (Fr) were considered effective variables on 
relative air discharge (β=Qa/Q). The ability of the full factorial method (FFM), to 
describe this structure’s hydraulic characteristics, was validated using experimental 
data. The results indicated that the relative air discharge changed from 0.048 to 0.278 
and increased with an increase in Fr, L/D and Hs/D factors. With respect to the 
maximum velocity of air outflow from the structure of the air vent pipes (with the same 
diameter Da), located between the 4Da and 9Da from the axis of the vertical shaft, this 
range is recommended for installation of air vent pipes. Furthermore, a regression-
based-equation in the form of a quadratic polynomial as a function of Hs/D, L/D and Fr
was proposed to estimate relative air discharge (β). 

Keywords: Vortex Structure, Relative Air Discharge, Full Factorial Method, Regression 
Analysis. 
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Fig. 1. Vortex structure experimental model 
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1 Design of Experiments (DoE) 
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Fig. 2. Description of the vortex structure: (a) side view; 
(b) inlet part plan view (c) transverse section of 

dissipation chamber 
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1 Reynolds Number 
2 Froude Number 
3 Weber Number 
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Table 1. Range of the studied parameters 
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360 , 1, 210, 13, 162.010.75
360 , 1, 210, 13, 162.181.00
360 , 1, 210, 13, 162.321.40

Fig. 3. Measuring annular jet flow thickness in the 
vertical shaft 

:;�>4,&�� ��> Iy�9 �A� !�-> �� �>��< 4���
 �(�;+ !��< 

�9�!���& �d	� .���> �y�9 e>�9�( I. �g9 �> �
�� �> :��H���&
�b3�45 ��
 �> ���>��< 4��Q�� � G� e� � �� �� > : � .� �~

.�� ,�� ,�� 4����
 �(�;+  �  & � g'� �� �L �� 4�  � � g'( :
�� �y�9.

}( (�a��� �� �(�;+ :�:g'� ���L � > ��
 �(�; + 4� �E  � 4�
) �g'(t�� �-��< �G� �� (.

~(d=D-2t �� �-7� �g9��.
�>!<�� �#�# �� �,&�� & �� ���"��� �> �! 
��" ,&� ��

e��� �> 1.00D �2.25D �3.50D � � $ 8� Iy�9 �A� ��0( &
 eS�){�d	� .(� �> :���/�� �-� �� 4�;( j! 
��" e �����

�
 4�� ��N-7(� �� �� ���" & �45 �� 4��<� H
 �	79 :��!
�eS�) �{�.�( �E�� .(!�
� 
��" 4��� #�# & � �!<� ���

 � �-(� 	�5 ,�a- �� 6����� � �"� � ¢� IO� ( ������- � �.
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~��| � 9� �>||{/|� -(����3  � ,&� � �< ��!� G� �� � > .� �

���c :-��   <   � 4�   � & �E�   � e
7
1   >� ��& �   ��   #���( 

Q � 0.8V�A�%��0(���.Vc�.�( �E��!� ,� � � %3Aa

�#�# �g'( �g� ��!<� ���� �)Zhao et al., 2006 m� K & .(
�(&5�����> �&� ��G�(�>����������-.�� R���c �� e (�. e ��

H� e(�E 2�3 4��.�)Fr�L/D �HS/D (  > e >�'-( 2� 3 ��:
45 >� �> ���%7��.�� ,��A-� �XS��� ,&�� �� �� 

���(&5 m�K �� �L :-��< �G� �� �> e(�. e���-.�� R�� !��
$�.�� =�	� !�> ��S� !�� ���� � :S	( e.V^^ !� > ��� (&5

��'( e(�E ��9����� (&5 ¡��c ,�	� �> � � O�� 
 ��Z4� ��
.�� ,�� ,�� 

�4E'+ � F/�72 
�4�4�%  	7#  0q�S Wc� �� 

�� �-7�!�c����� �� ��!�
 O� '-� �Iy�9 �A�  �  >��< 4����
4�S( � Iy�9 �A� M c� ( ��� > .�&� �  H. �� K��� � � >� >� ��

����!Iy� 9 �A� �� �� �-7� �g� �,&�� �> � ( ��� U � >�� � > .
������ �-7� �g9 �%7� :λ=d2/D2)d���� �� (�� �-7� �g9!

eS�) Iy�9 �A�^�
 :u	g( O�'-� �> �(� >��< 4�� (� c 4� ��
.��> 

�> � B�K � >� !� > �� =&J O�	�( ��K��� '(Z_/rλ≥ 
) ���>Yu and Lee, 2009.( 

��"&34���(&5 m�K e(�. e���-.�� R�� !�����(&5 ¡��c ,�	� �> e(�E ��9� ����'( !�> ��
Table 2. DoE of full-factorial method for actual values in addition to the response of experiments 

L/D
Fr

161310
HS/DHS/DHS/D

210210210
0.1350.1620.1920.0690.0480.0720.0990.0650.053

1.77 
0.1190.1580.1760.0760.0870.0710.0980.0650.049
0.1180.1660.1790.0790.0750.0710.1000.0700.048
0.1290.1710.1710.0800.0740.0870.0950.0750.049
0.1350.1810.1160.1350.1380.1300.1560.1300.102

2.01 
0.1450.1720.0800.1220.1380.1090.1510.1290.082
0.1700.1720.0810.1310.1350.1100.1570.1260.085
0.1570.1650.0950.1150.1520.0980.1480.1330.084
0.1850.1860.1850.2180.1920.1270.2020.1890.104

2.18 
0.1650.1800.2640.1990.1980.1260.2090.1960.097
0.1780.1700.2780.2050.2120.0860.2080.1680.085
0.1750.1780.2630.2160.2140.0890.2050.1740.085
0.2050.1730.2310.1830.1590.1280.1760.1750.146

2.32 
0.1970.1800.2250.1780.1600.1130.1790.1750.132
0.1940.1760.2290.1870.1660.1290.1810.1760.133

0.1980.1780.2300.1890.1720.1250.1830.1720.134
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Fig. 4. Air core at the vertical shaft inlet 
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�> � ,�� . � y� � � �- 7� � g9 �% 7� �%��0( ��G�( � � .(Jain, 

1988, Yu and Lee, 2009) 
,�� & �E�	/( ���L eS � �� ���a ���(&5 !��_� > 2�� �

��c �> ��	
 �-�� � ��> 2J�� �( & ��� �`�f,� � I� ��� .� �
,�� s�� -� e(� � ���a���(&5 !�� ���P c : � s�� -� ,� 	� � >

,&�  � & e  ��B !�  �< !�  �Yu and Lee, 2009 �(Jain and 

Kennedy, 1983) �Pump, 2011 .�� 
� �  > �-(��  c �,�  � 4�  �> s��  -� �  > �  
�λ,�� �  �H. !�  > !�  �

 ���a���(&5 ���P c :� !� B �� '( &Z_/r��� > � � � � .
�/�-� :��>��> �( �-��< ��� ��.�B !�> �� �-7� �g� ���. �.

 !��%E �>�(Q=1.4Qmax)� > !� 'HB � 
 4� ��
 O� '-� �� � ��
:���c �����	� ��/� �HH" : � � > ,�* E .� �.�,�� ��.M ( !� �

,�� ���� ����( �-(��c ���. ���� ����a���(&5 !��λ��� � �>
 ��'(Fa�( 4��� � .���� 

eS� ��`,�� !�> �<��.�c ���	� ��%7� ���a���(&5 !��
 �� �-7� �g9(λ)��'( $7B �>Fa:� �d	� .�� ,�� ,�� 4���

 �>4����<� ��#��5 & ,��A-��� #���( l� > oZ/rR2=,�� � > !� �
�� ,�� ,�� R&�> ��.M( 

)l(8913.0F4902.0 a +−=λ

,� ��. jH�- 7( e "� � > ����� 4���
 �Iy�9 �A� !��-� ��
 ��� !F���(��� � > � ���� Iy� 9 4� ��
 & ��
 ���N� :	+ �

� �� 45 !F�� ��
��" e��� �� �'� 4���
 � > �
� � e >�9 �� K�
tH��(���.eS�f�
4�� �� ,�� ,����(� ,���. jH�-7( !F� 

� >  & �!>�  �� �!A-( 2��  ( 4� ���.� �� 4� 	� �� � . �� K
 eS�f�GB*(�(��� �>� & =�. ��� !�> 4� ��
 �!��%E !��

 ,� �� ��N-7( !F�� ,���. jH�-7( ,&�� �� Iy�9 �A� & �
��"
 �A � �� � � �- 7� ,�� 	� � . �� 45 �a���> k�+�( :� .��

Iy�9���9�> ,&�� �� $���( !�� R��< � ����c��.

Fig. 5. Comparison of the air core diameter ratio 
measured results to the proposed equations 
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Fig. 6. Scatter plot and regression model for the air core 
diameter ratio experimental data 

:;�f4,�� !�> 4����<� O�( � �<��.�c ���	� ���a���(&5 !��

�� �-7� �g9 �%7� 

0

0.25

0.5

0.75

1

1.25

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

λ

Fa

Present study Jain and Kennedy (1983)
Yu and Lee (2009) Pump (2011)
Eq. (7) Eq. (6)

0
0.1

0.2

0.3
0.4

0.5
0.6

0.7

0.8
0.9

1

0 0.5 1 1.5

λ

Fa

Measured data Eq. (8)



#�6� ��6�?#�� ���"��� #�M ��6�Adx.doi.org/10.22093/wwj.2019.190172.2886 

64

����� ��� 	
�� Journal of Water and Wastewater 
��������� ����� ����� Vol. 31, No. 4, 2020 

(a) 

(b) 

(c) 

(d) 

Fig. 7. Flow patterns observed in the dissipation 
chamber for (a) Q=9.7 L/s 

(b) Q=14.5 L/s, (c) Q=19.4 L/s, and (d) Q = 27.1 L/s 
:;�g4!F�� ,���. jH�-7( �� ,�� ,����( 4���
�>!>����!

tH-;()a(f/o����3 �� �-�#�)b(_/V^�����3 �� �-�# 
)c(^/Vo� ����3 �� �-�# )d(V/Zf����3 �� �-�# 

�4V4=��<(B!U �"� ?�@AB� 
X����� e�H0��I�( e(�E :���� �> �� j 	. ,� � m�K ���(&5

�( 4����<� & � ��.D	. O�( j� ��#�� �� � > � I �( e (�E � . �
�( 6>� ¡��c ����� ( ,��A-� O� ( .�� � �4�� ��<� O� 	�( !� �

O�( =� � �
�� � =�� �
�� ��g" !�� ��- 7� �,�� � � g" O� ( .
�( �-��< ��. �> ���(& �� � � . ��� �� 
� ¡ ��c �� ��� �0� � ��<

-( 2�3 t���� ���0� �>��&� !�> .���> �-��� e (�E :� > e>�'
 ���0> �g'� j� :���� �����( �g'� ��� ��> �� ��	U � ��& � ��=&J

=�� e(�� !������c O�( �� O�( & .���> ��� =�� �
�� !�� !� �
 �� c !� > � ��� ��J� > �
�� �> ,� ��c � ��> � �(� � > ,� �d�c !� �

�( ,��A-� ,��-7< ���'�'0� ) ���Montgomery, 2017 : � �� .(
c���P O� ( R&� > & Xc �,�� � > � g"��h � � g" !� � !� �

�> ��& =�� �
�� O�( ����a���(&5 �� �� �%7� �>� :�	;� ��G�(
�� ������c XS��� ,&�� 

)o(
2

9
2

8
2

r7

S6S5r

4S32r10

)D/HS(a)D/L(a)F(a
)D/H)(D/L(a)D/H)(rF(a)D/L)(F(

a)D/H(a)D/L(a)F(aa

+++
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++++=β

45 �� �U 
a0��a9�+�2� �>�( e9� B R�� & ,��A- � � > ,� � ���5� > $

��-7�&� .�>��,�� R&�> O�(�#��5 �>��� ��( =�/� X���.��� 
��  '( $��  +a0�  �a9O�  ( !�  > X��  ��� ��#�  �5 s��  -� �

e(�. e���-.���O��
 ��~.�� ,�� �y� � O� ( !�� (5 ��	�
=�    � & ,��A-    � �    > �45 !�    � p-value �    > 6%��    ( �    . 

F-value ��   � �   ( :�   ��� .��   �p-value j   L�. !�   � �   � 
�  �F-value ���  > !�   � �   ��!�-  ��> !��   (5 �  �	��   ��� 

)Sangsefidi et al., 2017�  > .( =�  � �  ��� O�  	�( ��  K �  > !�  � 
p-value jL�. & ��|�/|�( �9�> O�( �� ����(.(Amiri et al., 

2012).
O�� 
 �> �
�� �> :��>��>~�=� � ��3b �2

rF� > e �#�p-value 
���> ��&|�/|� ��( � � �%7� �>� �> �� � 7�� �:��>� �> &

 QMB !������c O�(��O��
 �� .�O� ( 2� 8;�( � > ,�* E �
���� > �� � �"� z"� � !��(5 !�����( R2�Adj-R2�Pred–R2�

1 Analysis of Variance (ANOVA) 
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��"&>4> !������c =�� �
�� O�( X����� e�H0� s��-�(��#� �H. O�() XS��� ,&�� �� �� �%7� �>� !� 
Table 3. Results of ANOVA for recommended 2nd order model (basic general model) 

p-value F-value Mean 
square

Degree of 
freedom

Sum of 
squares

Coefficient 
estimate (��)

Source 

<0.0001S37.680.029090.2609-Model
---1--0.6594Intercept

<0.0001171.930.132310.13230.6361X� ∶ F�
<0.000165.910.050710.0507-0.0155X� ∶ L D⁄
<0.000123.760.018310.01830.0771X! ∶ H# D⁄
0.00926.990.005410.0054-0.0122X�X�
0.04963.930.003010.00300.0273X�X!

<0.000143.830.033710.0337-0.0076X�X!
0.2089NS1.590.001210.0012-0.0873X��
0.000115.530.011910.01190.0021X��
0.04694.020.003110.0031-0.0098X!�

--0.00081340.1031-Residual
S: Significant 
NS : Non Significant  

 
��"&C4(����� O�() �-��� ���. =�� �
�� O�( X����� e�H0� s��-� 

Table 4. Results of ANOVA for reduced 2nd order model (final model) 

p-value F-value Mean 
square

Degree of 
freedom

Sum of 
squares

Coefficient 
estimate (��)

Source 

<0.0001S42.010.032580.2596-Model
---1--0.2974Intercept

<0.0001174.200.134610.13460.2799X� ∶ F�
<0.000165.620.050710.0507-0.0156X� ∶ L D⁄
<0.000123.650.018310.01830.0771X! ∶ H# D⁄
0.00936.960.005410.0054-0.0122X�X�
0.05013.910.003010.00300.0273X�X!

<0.000143.640.033710.0337-0.0076X�X!
0.000115.460.011910.01190.0021X��
0.04744.000.003110.0031-0.0098X!�

--0.00081350.1043-Residual
Model Summary Statistics

0.6964Adj-R20.7134R2

25.2947Adequate 
precision0.6778Pred ( R�

Adequate precision �.�>O�	�( ��K �>O� ( �/����%-E ��G�(
�     ( ,��A-     � �     ��5 & ��     ��,�     � �     y� �     �� .�     � 

p-value O�( !�>�jL�. & ��|||{/|�� � ( 4��� �. � ���
4�  ��	K �g  � �  > O�  (& ��  > ��/���  ��� !��  (5 ��  0# &

���( .�� �� �{~�/|R2=O� ( $ ���( � '>�g( ,� ��� 4� ��
 ,�� R&�> �����,�� �> ,�� ���a ���(&5 !� � .� � � > 2�� %E

 �  a��~�/�{�  ��� �� m�  � ���  �� O�  ( �  > ¡  ��c 2�  ��N� ,
�( .��� 

Adj–R2�    � � >�> vJ� 	�( � �� ,�� e���� :���� $��+
jL�    . & �    �R2.�  �Pred – R2:     ���� $��      + �

��c �( 4��� 45 !J�> ��'( � �� ���> � . ��� !���� ��c O� (
�E�	/( !�3q( ���< �> �� ���9 ,�� & ! ��c � ���
 !�� � ��>
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� ��	�)Sangsefidi et al., 2017 .( �� '(Adequate precision�
�( 4��� � ���� �> O��a�� �%7� .��� z"� � : � )�Hg( ��'(

!��(5���-��> �� � �.,� ��� 4� �� ,� � :� ��� ��� > �% 7�
O��a�� � ( O� ( :��>� �> .� � $���( !�� �� � .�B � > � ���

 �,�� t���� !�[���'( ��c � ¡��c � ��	� � ��>.(Ahmadi et 

al., 2005) . 
�#���( ����� O�(Vr�z"�� w�� �> ,� � 4� �> !��(5 !���

)� ;-� ,&� � �� � � �%7� �>� 2���N� 4�� 4��� !�> � :����
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)Vr(
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SrrS
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)D/H(0098.0)D/L(0021.0)D/H)(D/L(0076.0
)D/H)(F(0273.0)D/L)(F(0122.0)D/H(

0771.0)D/L(0156.0)F(2799.02974.0

−+−

+−
+−+−=β

O�( !��(5 2����8" z�;�� !�����	�����	� ����( !� �
,���	�9�> � O�(�� O�	-B ���X�� ��� ��#��5 2��+�� �>��&� !�>

 ,��A-��(���� eS� .�Ta,� ��	�9�> O� (�� O� 	-B ��� 	� �� � �
 � ( 4� �� ����� O�( !�> 4� 	� .� �� � ( ,��� �( � . �� K ��� �

,���	�9�> ,� � ,� �.�c !�g9 6" ��-( �� �� O� (�� ���&� � � � �
 eS� .����lTb,���	�9�> ���	� �� >�> �� � � � �� '( �� c � ��>

�( 4��� ����� O�( !�> ,��  < �� 9 .� �� ,��� 0( �� �� '� :-��
�( 4��� ���	� 6�� & �->�3 O�( :� �. ����,�� �> �>�" �> !��

 p%g�( ���a���(&5�� eS � � > � 
�� �> :��>��> .f�2�� +��
X����� ��#��5����b��(����.
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^�eS�{|2� 3 m� +� �>Fr�L/D � > � �� '( ¡ ��c
�( 4��� � =�E �> �
�� �> .���b=�� ��32

rF� � �% 7� � >� � >���
O��
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Fig. 9. Comparing the measured and predicted values of 
the β
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Fig. 12. Effect of L/D and HS/D on the β (Fr=2.18) 
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Fig. 13. Position of the air vent pipes installed  
on the vortex structure 
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