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Abstract  
Water and wastewater companies play a vital role in society as providers of drinking water 
services. Therefore, measuring the efficiency of these companies is an action that can help in the 
optimal allocation of water distribution among customers. Therefore, the present study was 
conducted to evaluate the efficiency of water and sewage companies in Markazi province. For 
this purpose, the interval fuzzy data envelopment analysis method was used. The basic premise 
of this method, unlike the traditional method of data envelopment analysis, is uncertainty about 
inputs and outputs. Given that uncertainties in the real world are inevitable, the need to use 
models that have the ability to control this uncertainty is strongly felt. Hence, a successful 
method is to use fuzzy data envelopment analysis method. The results of evaluation related to 
seventeen water and wastewater companies in Markazi province showed that Arak, Khomein, 
Delijan, Saveh, Komeijan, Mamooniyeh, Mahallat and Naragh by obtaining the efficiency range 
(0.83, 1),  have the highest level of technical efficiency. In addition, among the units under 
study, Ghargabad Water and Wastewater Company has the lowest level of technical efficiency 
with an efficiency range of (0.56, 0.46). There is also an excess of consumption over the 
research findings in the use of all inputs. Therefore, it was suggested that with the correct and 
optimal use of production inputs and less use of resources, the amount of efficiency can be 
improved to reach the efficiency frontier. 

Keywords: Markazi Province, Interval Fuzzy Data Envelopment Analysis, Imprecise Data, 
Water and Wastewater Companies. 
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(Mohammad Jani and Yazdanian, 2014) .
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Ahmadi, 2018).
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1 Data Envelopment Analysis (DEA) 
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7��(=��MN K�� ��� Q�6 #=4�N&	��� ��� 
�����*���� �'��+ 

�+**�� �5��' K��� ���� Q�6 � #�=4�N&	��� ��� �6������+ ��"� 
(Han et al., 2015)
 F���B@6 J1 	�'� �&�'��6 ��9�� 6���P0�&

	�504� 
� ��� 	
��'� 1 ����W")���B0!�&(����*5�"��� ����+&�
��&���X' (� ��(Guo and Tanaka, 2001) .��D� K�� ��&	�4

	��� �� ����� 	
�� )��N 7��+ ) �� G�� � / B� *� � 	�4 7� ��' /

��9 ����*' 	��� �"� �� 2�� 	
�� ) �����A 7�7��+ .�4 ����

�N �
��� ���R� �� G�� � /���Q��&��P�� j��� j�� 
� 	��P0�"� ���U

��� *5�"���&�'���4.(Azadi et al., 2014, Puri and Prasad 

Yadav, 2014) .
} ����� ���1�¨FI{] *0���� 	
���� *���¨FI���56 [�*��R�BS� F����4 #

"�+ 
�� *R�BS� *� )��56�� #&*� � ��4 6��5R&
�� *R�BS��
A��u
 #,4 *���D6 ��� T&��4(Mugera, 2013) 

2 �α cut 
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)I(A: u	 → r0F1s 

A�u� ∈ r0F1s 

7� �� *m 
)u(A���ER ���6&� 	� ��' ���ER *9�� 7�2 � � ��4 A *� U 

&� 7� � �� ��+.

� 	���� �
��� *Q?�� )� *+ &�Q�� �
�� ��R &��D� *� *���� ��
&� 	��4� F�"� 7� ���ER ���6 ��4 

A�x�=

uv
w
vx

P
y
G
y z < d < N							
|
P
|
G N < d < }									

0 ���@���	� %	��	 ~v
�
v�

)U(

�ER ���6 *� *9�6 ����Q�� ���R� �&�1� �"� ��=� x  �� /l

�m�4��F*. �� 	�('�x�ER *9�� �4�� �01�2��' 7� � �01�2� 2
�9 �6 �4 ����A�&��� *+�x= m �ER *9��������� �I��&.���4

�1� x � /m�u�4�� 	�('���*.x��ER *�9�� F�4�� �01�2���
�� � �4 ����A �0,.�+ x= u �ER *9����4 ����A �P? �.

����Q�6 K�� #! �=4�N #&	��� ����
������56 ��*�� 7� #
Q�6 K�� =4�N #&	��� ���WA&"�+ 
� )*���D� a�� ������,

	��8'w�4 	��P0"� ���� (Jahanshanloo et al., 2005) 

)o(max :	 ∑ u0 ���S�0]< 
s.t: 
∑ v Zd��S = �1.1.1��Z]< 

∑ u0 �����0]< − ∑�Z]<
 u0F vZ ≥ ε		

 1

rj
x�

1

rj
y�����9��A � ��&���*�� *�+ ��0��� K��� ����R� ����?


����Q��&*�6�6 �� ]�G��D�d�e*0��1 �X' �� �&�'�4 

)d(d��� = �x	9Z�	FxZ��FxZ���

)e(���� = �y0�4 Fy0��Fy0�� �
�8'� �� *m 
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ij�yl

rj
 �N ���! �F/xu

ij �yu

rj
 � G��� ���!xm

ij �ym

rj
 ����!

�B' �� Y"��1��&�&������ .���+�Q�6 K��� /� �=4�N #&	��� ����

���	
�� ����4 *���
 �"� 

)f(max∑ ����y , ���G, ���| �u0�0]< 
s.t: 
∑ �d��y , d��G, d��| �vZ = �1,1,1�	�Z]< 
∑ ����y , ���G, ���| �u0�0]< − ∑ �d��y , d��G, d��| �vZ ≤ 0�Z]< 

u0F vZ ≥ ε 

j�� α:
�� *R�BS��A�� *+ A α
�B'��� 	��� -&F���4 �� )

% *R�BS� 
��������� � ��"�����α*0��� 	
��� ��]¨�I[
�
 *���D��� #?�!&��4 

)�(�� = �d ∈ }|��d� ≥ ��

/������� j�� *5"��� �� ���α*���D� ������������0����N�
����� � Z�� ���6����CB� � ��� *�� *�9�6 ��� /*����D� fK��� F

*��'�� ��2�% WA�&
����) ���D6 	
�� ���? *� ]�	��4 T(��'�
� #?�!&��4(Wang et al., 2005).

)�(
max∑ [∝ y0�		� + �1−∝�y0�9 , ∝ y0�� + �1−∝�y0�� ]u0�0]< 

s.t: 
∑ [∝ xZ�		� + �1−∝�xZ�		4 , ∝ xZ�� + �1−∝�xZ���Z]< ] vZ =
�1.1.1� 
∑ �∝ y0�		� + �1−∝�y0�9 , ∝ y0�� + �1−∝�y0�� �u0 −�0]<
∑ [∝ xZ�		� + �1−∝� xZ�9 , ∝ xZ�� + �1−∝�xZ��]VZ ≤ 0�Z]< 
u0F vZ ≥ ε 

��N � G��� 7���+ ���� K�� �����+ /&���P�� ����P0� ��W�" �� ��
� *5"���&] 	
�� *� iQD0� �P�� *+ ��+¨FI�0' .�"� [�� l�K��� /���

K�� *� �5�' ���DW$&� ��R�L� �0=�� *����&�� .��+*����5R
��� Z�WD'� F�(�K��� 
� `��' /	��� #���V� �� ��� ������� /rBW���' 

j�� 
� 	��P0"� ����P�� �� ���0= � Q�6 K���0� K�� 
� =4�N #&
	��� �$�� �� .�"��¨=α� �V� �('���� /,B��'I=α����V� 7����

��� 7�=' �� )�&���(Mugera, 2013)*� . 6��5R&�&7��6 ��P1
D6  + /��� �� 7����N � G��� �+ /������&�*�� F�X'����� ��!�� 6�6 �  ]
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�08���) / �0=��9��A /&��0B+ ��/������6��� � (���0B+) /�/
9��A&� � �0=����� /���4 (�� Y�
�� �� �!�� /���&�&.��+ 

�7Q4) � R$�:0 

�7�7
��� �!

�� �B�$ /�� 	��0" � 	��8' ���� h0� ��DEA &���D� &�� ��4'�F
*+ �"� �+v 7���4 &Q��+ `�B9��+�4 / � �� 
���� � 
� ���

�'��0� *+ �� h0� /��08� ���� �+��4 /��� ��,QBR &���A *�� �� ���
 F��� 7�='����' ��9� .��-��MN /�� *��=� F-��MN � ����B��

 K����" �� 7�������B�U¨IU K����" �� 7�������B� � &����0� �U¨I¨ 
������ h0� *����2� � ����+ ����� ' F*������" �����9�� &6��� QBR �����

*��� 	����8' 7�����R 
� ����� ����� � 
� j����� F/ +�0��=� �����D6�
*� 7���R���� h0� 	��0" 	��P0�"� ��4 (Mahmoudi et al., 2012,.

Fathi et al., 2010) . 
/�� ��-��MN 	��� 
� ���I��+��4 7�0�"� 
����� � 
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�*��' ��� �+��4 7���
 � ���" ���? � &Q @P6 ���� � 
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�9��B 	��� ���� ��j�� 
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	��� &=4�N # Q�6 �+ �� � �
�� ��� <��' �� &����' ��2���GAMS 
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� *� ���7��B� .��"� ���9�� *�X!�� *�+ ���L

�&��4�N 7��+ ����+ /&�� F*�
����P�� j�� ���P0� ��W" �����
' �2�� �� � ����2�� 7� ���V� F�P�� �W" -�� -&�6���5R *�� .���&

�2�� ������!�� ���D6 �P�� �W" -��2��� ���+�-�����D6 
� � *�0��
���!���� *0"�+ ���+�'&.��4 � �� 	��4 j��2�1 ����R� i���W� �� /

� FK��9 �0=�0�� / ���+ ��
�&��*�
���W" ��P�� j��� ���P0� �
�+�4 *� iQD0� ���
���� � 
�^��� �BA F �� F/ F	���" F7��S 

B+ 7�S'���� F ���' � ���� F* �"� �2��� �� *+���P�� �W�" -���
� -��+ �  ���+ *�X���� 7�2�" � #���V� �� J0������4 � )���Y

� F/rBW��' ���+ 7�2&����!���<�' �2�� 	����-���L *� *0���*�+
 �W" ��I=α0�� ���+ 
�&����� ����� ���!�� /I&�� ���4 	���R .

� ���F/� *C'��.��+�4 /�� ���A ������ 
� ��*8��' ����? F*�� U¨
��@�6 ���?�� 8� � F*���d¨��@�6 ���?�� 8� � F*���f¨���?��

@�6 8� � F*��¨@�6 �?�� 8� � � *��I¨¨ �@�6 ��?�� �
8� ���+ 	��P0"� *�F����+ #$��!&�*�� �� 7�2f�/¨F�a/¨F��/¨F

�e/¨F�U/¨�I��'��� .���CB� *�X!�� /&��� ���4 ���0B+ *��+�/
� ���+ 7�2&��*�
��
� �+��4 *� iQD0� �P�� j�� ���P0� ��W" 

��% 7�0"�84 
���� �� �"� ����*��L�0�� *+ ����+ 
�&����/
� �+�4*�
���� ('� P�� j�� ���P0� ��W" /��df/¨+ �"��*

��&B�7&9��A � ����� &P ?�6 ���� ��
Table 1. Descriptive statistics of inputs and outputs 

Std.devMaxMeanMinVariable 
35023145456169531144Number of  customers

14130331573684486314034276712Water sold
24233029554966140003297992Wasted water

62260396Labor
617886183260824008924274408114430381Capital stock

21165994818673811066102710798357078989Operating costs
Source: Research data 
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Table 2. Score of technical efficiency lower bound for different α-cuts 

Year 2016
City Averageα1α0.8 α0.6 α0.4 α0.2 α0

0.810.980.910.840.770.710.66Astaneh 
0.760.920.850.790.730.670.62Ashtian 
0.8310.920.850.790.730.67Arak 
0.640.780.720.660.610.570.52Tafresh 
0.8310.920.850.790.730.67Khomein 
0.8310.920.850.790.730.67Delijan 
0.560.680.630.580.540.500.46Zaviyeh 
0.8310.920.850.790.730.67Saveh 
0.530.650.600.550.510.470.43Shazand 
0.460.560.520.480.440.410.37QarghAbad 
0.550.670.620.570.530.490.45Farmahin 
0.8310.920.850.790.730.67Komeijan 
0.8310.920.850.790.730.67Mamooniyeh 
0.8310.920.850.790.730.67Mahallat 
0.8310.920.850.790.730.67Naragh 
0.510.610.560.520.840.440.41Nobaran 
0.740.890.820.760.700.650.60Parandak 

Source: Research calculations 

��� 7��='&� ��������V� �� ���!�� /���" ���� *����+���4 ������� 
�
� 
���� �0=�8��' 	��P0"� / .���� �� ����� 
� *� 

K��9 ���R�a� ���+ �('�&�	�V������'�0N � ����!�� <
G #�
��6&"��� 8� Z�@� �� 	��8' *� ���*� .�"� ��9�� 6���5R&��1�

���!���"��� ��6&*��
����0B+ F��P�� j��� ���P0� ��W"�/
� 	���8' 7�2 �� �� ���*1 ���+ � *�� ��'� �0�=�����+ ����V� /&���"�
�&�7�B� .���� �� *X!�� *+ ��L&���4 ��V����� G��� 7���+*�
��

����� F���P�� j���� �����P0� ��W��"�Q+�� �����!�� *�����6&��"��� 
���V��� ��"� ����� �+��4 ����
����� � 
�^��� �BA F F/

�� F	��" F7�S B+ 7�S'���� F 0�� ]��+ ��� ���' � ���� F* �  
�I
� �0=����+ ���V� /&��@�6 ���A *�� �� G�� 7��+ �� *�+ ��'��� �

� 7�='&������!���8� 	��P0�"� ��� ��+O� Q$���! � *��&	���8' ���
�&����+ ��+���! ���'��6&�]��+ �� ����m ��CB� . � 
� �+��4 /

��% 
���� 0�� ]�+ �� ���� 
�ef/¨�0B+��� G��� 7��+ ���V� /
�*�
��� ('� @�6 ��A *� �P�� j�� ���P0� ��W" / .��� �

7�B� �� �4 *X!�� *+ *'�1 /�� FK��0�� ���+ 
�&��*���? 

�����DW$ ����R )&����� 	���4 #��?�! ����R � ������' ����9�������+&�
�*	
�� ���? ���N 7��+ �� *+ �"� �.���� G��� � //�������� ��1� F

�����N 7��+ �!�� �� ���� ������ G��� � /I>����+ ��!�� 7� ���4�� 
�� ����� G�� 7��+ �1� .�"���+I��N 7��+ � �
� ��0B+ /I7� ��4��

���+ �!���D� ' G�� 7��+ �1� � �"� T 
� �0B+ 2��7� ��4�� )
��"���+�' ��!��(Jafarian Moghadam and Ghoseiri, 2011).

�������/����� ����+ 	
��� F��08� 	����=�&����� ����!����� ('� /
�� ��� ��P�� j��� ���P0� ��W"�#��4 I�"�6 J��4 .*�X!��

&� ��4� *+ ���!�� 
� )�����6 &�"��� >����+ ����+ ' ��0��
 *��,Q��+���4 �����
������ � 
�^�����BA F �� F/ F	����" F7���S 

B+ 7�S'���� F ���+ ���' � ���� F*&�D� T.�'��� 
K��9 ��d
�6�0�� � ���+ ��
�&���� ���!�����N 7��+ �� /

G�� 7��+ �� .�"� 	�4 *���� G���������D6 K��� /�����!�� ����+ 
� �N 7��+ 
� �0= �� 	���=� /&�W" �� � ��4 I=α
�6�����B' �

���+&������ �� ��8�6 � �"� ����� 7��+ �� �� �� �� ��� �� �W�" /
7��+�.��0�� ���+ >���+ �!�� 
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Table 3. Score of technical efficiency upper bound for different α-cuts 

Year 2016
City Averageα1α0.8 α0.6 α0.4 α0.2 α0

0.980.980.980.980.980.980.98Astaneh 
0.920.920.920.920.920.920.92Ashtian 

1111111Arak 
0.780.780.780.780.780.780.78Tafresh 

1111111Khomein 
1111111Delijan 

0.680.680.680.680.680.680.68Zaviyeh 
1111111Saveh 

0.650.650.650.650.650.650.65Shazand 
0.560.560.560.560.560.560.56QarghAbad 
0.670.670.670.670.670.670.67Farmahin 

1111111Komeijan 
1111111Mamooniyeh 
1111111Mahallat 
1111111Naragh 

0.610.610.610.610.610.610.61Nobaran 
0.890.890.890.890.890.890.89Parandak 

Source: Research calculations 
 

Fig. 1. Efficiency range average of urban water and wastewater companies in Markazi province 
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Table 4. Distribution of efficiency scores at different α-cuts 

 Source: Research data 

��&B H7�V� / ('� �������� *� 8� � &D$�� � ��*j�� ���P0� ��W" Y"�0� ��
��P�� 
Table 5. Average real and optimal values of inputs at the average of different α-cuts 

Labor Capital inventory Operating costs 
Lower bound

Actual 
consumption 39 243E+6 1027E+6 

Optimal 
consumption 15 110E+6 910E+6 

Variation 
percentage -61 -55 -11

Upper bound
Actual 

consumption 39 243E+6 1027E+6 
Optimal 

consumption 17 130E+6 940E+6 
Variation 

percentage -56 -46 -8
Source: Research data 
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